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Abstract 

In many geodetic applications a large number of observations are being measured to estimate the unknown 
parameters. The unbiasedness property of the estimated parameters is only ensured if there is no bias (e.g. 
systematic effect) or falsifying observations, which are also known as outliers. One of the most important steps 
towards obtaining a coherent analysis for the parameter estimation is the detection and elimination of outliers, 
which may appear to be inconsistent with the remainder of the observations or the model. Outlier detection is thus 
a primary step in many geodetic applications. There are various methods in handling the outlying observations 
among which a sequential data snooping procedure, known as Detection, Identification and Adaptation (DIA) 
algorithm, is employed in the present contribution. An efficient data snooping procedure is based on the Baarda’s 
theory in which blunders are detected element-wise and the model is adopted in an iterative manner. This method 
may become computationally expensive when there exists a large number of blunders in the observations. An 
attempt is made to optimize this commonly used method for outlier detection. The optimization is performed to 
improve the computational time and complexity of the conventional method. An equivalent formulation is thus 
presented in order to simplify the elimination of outliers from an estimation set-up in a linear model. The method 
becomes more efficient when there is a large number of model parameters involved in the inversion. In the 
conventional method this leads to a large normal matrix to be inverted in a consecutive manner. Based on the 
recursive least squares method, the normal matrix inversion is avoided in the presented algorithm. The accuracy 
and performance of the proposed formulation is validated based on the results of two real data sets. The 
application of this formulation has no numerical impact on the final result and it is identical to the conventional 
outlier elimination. The method is also tested in a simulation case to investigate the accuracy of the outlier 
detection method in critical cases when large amount of the data is contaminated. In the application considered, it 
is shown that the proposed algorithm is faster than the conventional method by at least a factor of 3. The method 
becomes faster when the number of observations and parameters increases.   

                                                            
*  Corresponding author 



 

259 

 

A
pp

li
ca

ti
on

 o
f 

R
ec

ur
si

ve
 L

ea
st

 S
qu

ar
es

 to
 E

ff
ic

ie
nt

 B
lu

nd
er

 D
et

ec
ti

on
 …

 1. Introduction 

In many data mining tasks in general and 
geodetic applications in particular a large number of 
observations are being measured to retrieve 
information about an underlying physical process. 
One of the most important steps towards obtaining a 
coherent analysis of the physical process is the 
detection of falsifying observations, also known as 
outliers. Outliers are abnormal observables that 
appear to be inconsistent with the remainder of the 
dataset (Johnson, 1992). This inconsistency may be 
the result of systematic and/or gross errors. The 
inclusion of such data in information retrieval 
procedures may adversely lead to model 
misspecification and/or biased parameter 
estimation. Therefore consideration of a process 
which bounds the impact of outliers in the 
estimation is a necessity in any information retrieval 
procedure. There are various methods in handling 
the outliers. These methods are categorized in two 
broad groups as 
 The statistical tests based on least-squares (LS) 

method, in which the conventional least-
squares estimation is performed followed by 
the post-processing statistical tests on the 
outcome. The tests aim at revealing the 
presence of outliers and identifying them 
among the observations (Baarda 1968; Pope 
1976; Pelzer 1983; Teunissen 2000). 

 Robust estimation methods in which the impact 
of the falsifying observations is bound by the 
estimation process rendering the final 
estimation results unaffected by the outliers 
(Huber 1981; Hampel 2001; Rouseeuw and 
Leroy 2003). 

For the LS estimates, a single gross error is 
adjusted in a way that it affects all residuals, and 
hence it contaminates the estimated parameters. In 
contrast to the LS, in robust estimators, the gross 
error will only affect the corresponding observation 
residual (not all the others), leaving the estimation 
result unaltered by the blunder. Thus, robust 
estimators are less sensitive to blunders in the data. 
A number of robust methods have been proposed, 
which include the M-, R-, and L-estimators, the 
least median of squares (LMS) and the sign-
constrained robust least squares (Huber 1981; 
Hampel et al. 1986; Rousseeuw and Leroy 2003; 
Koch 1999). One of the commonly used robust 
estimation method is the L1 norm minimization 
method. It has been used for outlier detection in 
geodetic observations by the studies of Marshall 
and Bethel (1996); Amiri-Simkooei (2003); 
Khodabandeh and Amiri-Simkooei (2011). Other 
robust methods have also been applied to geodetic 
networks. Examples include studies by Fuchs 
(1982); Gao et al. (1992); Youcai (1995); Awange 

and Aduol (1999); Wicki (1999); Berber and 
Hekimoglu (2001); Marshall (2002). 

Despite their superior performance in dealing 
with outliers, robust methods do not provide 
minimum variance and/or maximum likelihood 
estimators as the LS method does. Furthermore, the 
computational cost and complexity of the robust 
estimators is higher compared to the LS methods. 
These disadvantages prevent the robust estimators 
to substitute the LS, specifically in geodetic 
applications. Therefore, improvement of the 
statistical outlier detection methods in provision of 
unbiased estimation in the LS framework is a 
contribution to geodetic applications.  

The LS based statistical method is further 
divided into two subcategories: the single step and 
the sequential procedure. The former performs a 
simple statistical test and detects all observations 
failing the test as outliers. The latter performs the 
statistical test in a step-by-step manner by 
elimination of the extreme observation at each step, 
adapting the estimation results and iterating the 
statistical test until acceptance. The sequential 
procedure is more reliable for outlier identification 
in comparison with the single-step methods (Ben-
Gal, 2005; Davies and Gather, 1993). Schwarz and 
Kok (1993) show that sequential statistical method 
implemented based on Baarda’s data-snooping 
algorithm (Baarda 1968) is capable of correct 
detection of multiple outliers. It is additionally 
shown that this approach may have comparable 
results to the robust estimators such as L1 norm 
minimization, or may even outperform them, if 
implemented by Baarda method and in a sequential 
manner. 

Although an effective method, the sequential 
data-snooping is computationally expensive. The 
computational burden arises from repetition of the 
estimation with the filtered dataset after 
identification of each outlier. The main purpose of 
the current work is to propose an algebraic 
formulation to eliminate the outlier’s impact form 
the estimation result, i.e. to update the available 
estimated parameters instead of repeating the 
estimation with a filtered dataset. The proposed 
method is conceptually similar to the sequential 
adjustment expressed in Mikhail and Ackerman 
(1976). On a second level, the aim is to validate the 
proposed method; i.e. to assure that the employed 
formulation does not impose any numerical 
inaccuracies in the results and lead to exact the 
same result as the conventional approach. 
Additionally, the performance of the sequential 
data-snooping in correct identification of outliers is 
investigated. The investigations include cases in the 
presence of large number of outliers for which the 
LS-based outlier detection methods are known to be 
less effective. 

This paper is organized as follows. Initially, the 
sequential data-snooping method is described in 
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 details, followed by the through explanation of the 
algebraic formulation which optimizes this method 
in Section 3. The fourth section provides three cases 
to investigate the proposed methodology. Finally, 
we provide some conclusions in Section 5. 

2. Sequential data-snooping 
 

The sequential data-snooping, also known as 
Detection, Identification and Adaptation (DIA) 
algorithm, is performed in following three steps 
(Teunissen 2000): 
 Detection: A statistical test on the overall 

validity of the assumed model given the 
observations. Rejection of the test indicates that 
the data at hand does not support the model. In 
this case, one alternative hypothesis is the 
presence of outliers in the data. Thus if the 
overall validity is rejected, the following two 
steps are investigated to identify outliers and 
adopt the model. 

 Identification: Specification of the error which 
causes the rejection of the overall validity test. 
Each of the observations are treated as a 
potential outlier and statistically tested in an 
attempt to locate the falsifying observation. 

 Adaptation: Compensating the identified error 
in order to reach an unbiased estimation.  In 
this case the identified outlier must be 
eliminated from the data set and the estimation 
process must be repeated without the falsifying 
observation. 

In the sequential approach, only one outlier is 
identified and accounted for at each iteration. The 
DIA is then repeated until the overall validity test is 
accepted or the framework runs out of the 
redundancy. Baarda’s data-snooping method 
defines the efficient statistical test for identification 
of the outliers which is of common practice in 
geodetic applications. This approach is further 
elaborated in the following. 

The DIA is essentially a hypothesis testing 
process. There are two hypothesis tests involved in 
this algorithm; the overall model test in the 
detection step as well as the w-test in the 
identification step. Introducing a proper test statistic 
is the first step toward the statistical testing. To 
introduce the test statistics consider the linear 
functional model as 

࢟ ൌ ࢞࡭	 ൅  (1)    ࢋ
 

where	࢟ is the ݉-vector of observations, ࡭ is the 
݉ ൈ ݊ design matrix, and ࢞ is the ݊-vector of  
parameters. The least-squares estimate of the 
parameters is obtained by 

ෝ࢞ ൌ 	 ࢟ࡽࢀ࡭૚ିࡺ	
ି૚࢟,  (2) 

where ࡺ ൌ	࢟ࡽࢀ࡭
ି૚࡭ is the normal matrix, ࢟ࡽ is the 

	݉ ൈ ݉ covariance matrix of the observations. The 
estimated residuals follow from 

ොࢋ ൌ ࡭ࡼ
ୄ࢟ (3) 

where 

࡭ࡼ
ୄ ൌ ࡵ െ ࡭ ࢟ࡽࢀ࡭૚ିࡺ

ି૚ (4) 

is an orthogonal projector. The overall model 
test statistic is defined based on the estimated 
residuals and reads as (Teunissen, 2000) 

ܶ ൌ ࢟ࡽࢀොࢋ
ି૚ࢋො (5) 

 The above test statistic follows the Chi-square 
distribution with ݉ െ ݊ degrees of freedom. Thus 
the null and alternative hypotheses are formulated 
as: 

:଴ܪ ܶ	~࣑૛ሺ݉ െ ݊, 0ሻ		vs.		ܪ௔:	ܶ	~	࣑૛ሺ݉ െ ݊,  ሻߣ

This statistical test is in fact a general check on 
discrepancies between the observed data and the 
assumed model. The rejection of the null hypothesis 
indicates the inadequacy of the assumed model or 
the presence of outliers among the observations. 
Therefore, in case the overall model test fails one 
possible approach is to identify and eliminate the 
outliers which is in the scope of the two further 
steps of the DIA algorithm.  

When the overall test is rejected, the 
identification step starts. In this step the w-test 
statistic is proposed based on the estimated LS 
residuals and its covariance matrix. The covariance 
matrix of the estimated residuals reads is 

ොࢋࡽ ൌ ࢟ࡽ െ ࢟ࡽࢀ࡭ሺ࡭
ି૚࡭ሻି૚ࢀ࡭ ൌ ࡭ࡼ	

 (6) ࢟ࡽୄ

Finally, the residuals are compared to their 
standard deviations and form the w-test statistic for 
each single observation (Teunissen, 2000) 

௜ݓ ൌ
࢏ࢉ
࢟ࡽࢀ

ି૚ࢋො

ට࢏ࢉ
࢟ࡽࢀ

ି૚ࢋࡽො࢟ࡽ
ି૚࢏ࢉ

 
(7) 

where here ࢏ࢉ is a canonical unit vector, with 
one single non-zero element in the ݅௧௛ vector 
position as ࢏ࢉ ൌ ሾ0⋯0	1	0⋯0ሿ். In a simplified 
form, if the covariance matrix ࢟ࡽ of the 
observations is diagonal, the expression for the w-
test statistic reduces to the simple form as 

௜ݓ ൌ
ො௜ࢋ

ඥሺࢋࡽොሻ௜௜
ൌ
ො௜ࢋ
௘̂೔ߪ

 (8) 
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 which indicates that this test statistic can be 
interpreted as the normalized estimated residuals. 

In the absence of outliers, the observations as 
well as the w-test statistic follow the standard 
normal distribution. Thus the outlier detection is 
formulated with the following null and the 
alternative hypothesis (Teunissen et al., 2005): 

,	0	ሺࡺ	~	ݓ		:଴ܪ 1ሻ		vs.  ܪ௔: ,	ݓߘ	ሺࡺ	~	ݓ 1ሻ (9) 

assuming that the covariance matrix of the 
observables is known; in geodetic literature this is 
referred to as ߪ known. Therefore, the null and 
alternative hypotheses consider the absence and 
presence of an outlier, respectively, and	ݓߘ 
accounts for the anomalies, disturbances or large 
errors in the observations. The w statistics that are 
rejected under the null hypothesis can in fact have 
potential outliers. In the sequential method, only the 
largest ݓ is considered at each step and is 
statistically tested. If it is rejected, the 
corresponding observation is identified to have an 
outlier. 

After the identification step, the adaptation step 
follows and the contribution of the outlier is 
eliminated from the solution. The estimation 
process is to be repeated without the outlier. For 
clarification of the adaptation step, consider a set of 
m observations. Without loss of generality, assume 
that the mth observation is identified as an outlier in 
the first step of the procedure. This observation 
must be removed from all the vectors and matrices 
involved, and the LS must be repeated with the 
filtered set-up. If ݕ௠ is the observation # m, ߪ௠ଶ  is 
its variance, and ࢀ࢓ࢇ  is the row vector in the design 
matrix ࡭ related to the outlier, one has 

	࡭ ൌ ൤
૚ି࢓࡭
ࢀ࢓ࢇ

൨ , ࢟ࡽ ൌ ൤
ష૚࢓࢟ࡽ 0

0 ௠ଶߪ
൨, y=ቂ

૚ି࢓࢟
௠ݕ

ቃ 
(10) 

Removing the effect of the ݕ௠ from the least-
squares adjustment yields the new estimates as 

ෝ࢞ି࢓૚ ൌ ൫ି࢓࡭૚	
ࢀ ష૚࢓࢟ࡽ

ି૚ ૚൯ି࢓࡭
ି૚
૚ି࢓࡭
ࢀ ష૚࢓࢟ࡽ

ି૚  ૚ (11)ି࢓࢟

and 

ቊ
૚ି࢓ොࢋ ൌ ૚ି࢓࢟	 െ 																																												૚ି࢓૚ෝ࢞ି࢓࡭
ష૚࢓ොࢋࡽ ൌ ష૚࢓࢟ࡽ	 െ ૚ି࢓࡭૚ሺି࢓࡭

ࢀ ష૚࢓࢟ࡽ
ି૚ ૚ି࢓࡭૚ሻି૚ି࢓࡭

ࢀ  

where ෝ࢞ି࢓૚ is the vector of unknown 
parameters which is derived after omission of the 
outlier, ࢋොି࢓૚ is the corresponding residual vector 
and ࢋࡽො࢓ష૚is its covariance matrix. The new residual 
vector is the input for the next iteration of the DIA 
algorithm.  

The algorithm is iterated until the overall model 
test is accepted or the set up runs out of redundancy 
(Teunissen, 2000). This approach can be 

computationally expensive because the estimation 
process is to be repeated after identification of each 
single outlier. In the following section an algebraic 
strategy is employed to deal with this problem and 
hence optimize the application of the sequential 
data-snooping algorithm.  

3. Sequential data-snooping 

Prior to introduction of the strategy we 
employed in this contribution, the applied algebraic 
concepts are explained in the following subsection. 
These concepts are then applied to optimize the 
adaptation step of the DIA algorithm in a 
subsequent section. 

3.1 Mathematical background 

Consider the invertible ݊ ൈ ݊ matrix ࡺ and three 
arbitrary matrices U, B and V of appropriate size of 
݊ ൈ ݌ ,݌ ൈ ݌	,݌ ൈ ݊, respectively One can then 
prove that the matrix ࡺ൅  can be inverted as  ࢂ࡮ࢁ	
follows (Henderson and Searle, 1981): 

ሺࡺ ൅ ି૚	ሻࢂ࡮ࢁ ൌ ૚ିࡺ	 െ	ିࡺ૚	ࢁ	ሺࡵ ൅
  ૚                                           (13)ିࡺࢂ࡮	ሻି૚ࢁ૚ିࡺࢂ࡮

When ݌ ൌ 1, the preceding equation can be 
simplified. In this case, the matrices ࡮ and ࡵ 
become scalars ߚ and 1, respectively, ࢁ ൌ ࢛ 
becomes a column vector of size n, ࢂ ൌ  ࢀ࢜
becomes a row vector of size n. Therefore, one has 
ሺࡵ ൅ ሻି૚ࢁ૚ିࡺࢂ࡮ ൌ ૚/ሺ1 ൅  ,૚࢛ሻ (a scalar)ିࡺࢀ࢜ߚ
which with Eq. (13) yields 

ሺࡺ ൅ ሻି૚ࢀ࢛࢜ߚ

ൌ –૚ିࡺ	
ߚ

1 ൅ ૚࢛ିࡺࢀ࢜ߚ
 ૚ିࡺࢀ૚࢛࢜ିࡺ

(14) 

The above identity is useful in indirect inversion 
of an updated matrix to which some rows or 
columns are added or subtracted. If 	ିࡺ૚ is 
available, the direct inversion of the updated matrix 
is prevented if the right-hand side of Eq. (14) is 

used. Because the term 
ఉ

ଵାఉ࢜ࡺࢀష૚࢛
 is a scalar, 

computing the right-hand side of Eq. (14) is much 
simpler and computationally faster than the direct 
inversion of ࡺ൅   .ࢀ࢛࢜ߚ

Applying this identity helps in elimination of 
outliers’ impact from an already estimated 
parameter vector without successive inversion of 
the normal matrix N. This idea will be further 
elaborated in the following subsection.  

3.2 Optimization of outlier elimination 

The necessity of repeated estimation process in 
the adaptation step was explained previously. 
Equation (10) provides a possibility to update the 
estimated parameters when one outlier is to be 
removed from the dataset. The updating is fulfilled 

(12)
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 by elimination of the numerical impact of the 
corresponding outlier form the estimated parameter 
vector. As a clarification, assume the same set of m 
observations of which the ݉୲୦ element is identified 
as an outlier. The aim is to eliminate the 
contribution of this element from the estimated 
parameter vector. Let us have 

ෝ࢞ ൌ  ૚࢛ (15)ିࡺ

with ࡺ	 ൌ ࢟ࡽࢀ࡭	
ି૚࡭ and ࢛ ൌ ࢟ࡽࢀ࡭

ି૚	࢟. The 
updated parameter vector in which the effect of the 
outlier has been eliminated is written as 

ෝ࢞ି࢓૚ ൌ 	 ሺࡺ െ ࢀ࢓ࢇ࢓ࢇ௠ିଶߪ 	ሻ ି૚ሺ࢛ െ  ሻ (16)࢓ࢇ௠ݕ௠ିଶߪ

which is identical to the expression in Eq. (11). 
Denoting the updated normal matrix 

૚ି࢓ࡺ
ି૚ ൌ 	 ሺࡺ െ ࢀ࢓ࢇ࢓ࢇ௠ିଶߪ ሻ ିଵ (17) 

As well as the updated ࢛ vector 

૚ି࢓࢛ ൌ ࢛ െ  (18) ࢓ࢇ௠ݕ௠ିଶߪ

where	ߪ௠, ݕ௠ and ࢀ࢓ࢇ  are the standard 
deviation, the observation value, and the row vector 
(in A) corresponding to the outlier, respectively. 
Indirect inversion of the updated normal matrix is 
possible through application of Eq. (14). This gives 

૚ି࢓ࡺ
ି૚

ൌ ૚ିࡺ		 ൅
௠ିଶߪ

1 െ ࢀ࢓ࢇ௠ିଶߪ ࢓ࢇ૚ିࡺ
ࢀ࢓ࢇ࢓ࢇ૚ିࡺ  ૚ିࡺ

(19) 

Denoting ࢈ ൌ ݇ ,࢓ࢇ૚ିࡺ ൌ ࢀ࢓ࢇ ࢈ ൌ ࢀ࢓ࢇ  ,࢓ࢇ૚ିࡺ
௠݌ ൌ ௠ିଶ, and ݇ᇱߪ ൌ ࢛ࢀ࢈ ൌ ࢀ࢓ࢇ  ૚࢛  results inିࡺ

૚ି࢓ࡺ
ି૚ 	ൌ ૚ିࡺ	 ൅ ௠ሺ1݌ െ  (20) ࢀ࢈	࢈௠ሻିଵ݌݇

and therefore 

ෝ࢞ି࢓૚ ൌ ૚ି࢓ࡺ
ି૚  ૚ (21)ି࢓࢛

After multiplication and a few simple 
mathematical and algebraic operations, the 
preceding equation simplifies to 

ෝ࢞ି࢓૚ ൌ 	 ෝ࢞ െ ௠ሺ1݌ െ ௠ݕ௠ሻିଵሺ݌݇ െ ݇′ሻ(22)        ࢈ 

 The second term in the right-hand side of Eq. 
(19) is a vector which implies the numerical 
contribution of the ݉୲୦ observation in estimation of 
parameters. The updated parameter vector is 

obtained by subtracting the impact of the single 
observation element from the pre-estimated 
parameter vector. Here ݌௠, k’ and k are all scalars 
and ࢈ ൌ  ,is a vector of size n. Therefore ࢓ࢇ૚ିࡺ
computation of the right hand-side of this equation 
is computationally much more efficient than the 
usual successive inversion of the normal matrix. 
Finally the updated parameter vector ෝ࢞ି࢓૚ and the 
inverted normal matrix ି࢓ࡺ૚

ି૚  are used to update the 
estimated residuals as well as their covariance 
matrix. This updated information is further used to 
construct the test statistics for the next iteration of 
DIA algorithm. 

It is worthwhile mentioning that the above-
mentioned idea is conceptually similar to the 
sequential adjustment expressed in Mikhail and 
Ackermann (1976). It should be noted that in the 
sequential adjustment one usually deals with adding 
new observations in sequential process, while, here 
the aim is to remove observations (or outliers) in a 
sequential manner. 

The required calculation for eliminating the 
contribution of a single observation is significantly 
shortened in this manner. The parameters are 
estimated once only and are updated by Eq. (22) 
wherever elimination of outliers’ contribution is 
necessary. Therefore, inverting (huge) matrices in 
Eq. (7) is replaced by the products of a few scalars 
and vectors in Eq. (22). Figure 1 summarizes the 
proposed optimized sequential data-snooping to 
give an algorithmic overview of this approach. 

4. Numerical results and discussions 

In this section three different examples are 
provided to evaluate the proposed method. In the 
first two examples, real datasets are adopted while 
the third is a simulated case.  In the first example, 
the validity of the proposed formulation is 
investigated by comparing it against the 
conventional approach. The second example reveals 
the efficiency of the optimized formulation while 
applying it to a common geodetic application. 
Finally, the third one investigates the time 
efficiency of the proposed approach as well as the 
general performance of the DIA algorithm in correct 
detection of outliers. 

Example 1: Leveling network 

A leveling network of six points and nine 
observations is considered. The data is obtained in 
2010 in a precise leveling campaign in the vicinity 
of the leveling benchmark at University of Isfahan, 
Iran. The first station of the network is the 
benchmark, with the known height of H=1708.3933 
m, which can resolve the datum defect of the 
defined network. Having nine observations and five 
height parameters to be estimated, the network has 
four degrees of freedom. The observation precision 
is in the order of one millimeter. 
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Figure 1: Flowchart of the optimized DIA algorithm; the optimization occurs in the adaptation step by updating the 
initial estimation result instead of repetition of the estimation procedure 

 
is deliberately contaminated by gross error of one 
centimeter magnitude. The DIA method is applied 
in order to account for the imposed outlier. Finally 
both conventional and proposed methods are 
employed to perform the adaptation step of the DIA 
algorithm. 

Table 1 summarizes this experiment. The 
observation scenario is given in the first four 
columns of the table. The observed values are the 
height differences between the stations. The result 
of the experiment is provided in the last four 
columns of the table. The height estimation for each 
of the stations is reported in the sixth column. 
Application of the DIA algorithm reveals the 
inconsistency between the observations, and finally 
the data-snooping correctly identifies the third 
observation as an outlier. Adapting the estimation 
result with elimination of the outlier gives rise to 
unbiased estimation of height parameters. This 
result is obtained by both conventional and 
optimized adaptation methods and is reported in 
columns seven and eight, respectively. Comparing 
the adaptation results reveals that both conventional 
and optimized methods are completely identical. 
This proves the numerical accuracy of the proposed 
formulation. Finally the last column reposts the 
estimation bias as a result of the contaminated 
observation. 

As a conclusion, the experiment proves that the 
presented formulation is scientifically valid, 
correctly developed, and accurately implemented, 
hence assures the safety of application of the 
proposed formulation to linear models. 

Example 2: GPS time series analysis 

To illustrate the efficiency of the proposed method, 
the DIA algorithm is applied to a larger estimation 
scenario of GPS position time series analysis. The time 
series of latitude, longitude and height of permanent 
GPS station in Wettzzell/ Germany is used in this 

experiment. The data is available at 
ftp://sideshow.jpl.nasa.gov/pub/usrs/mbh/point/. 
This data is obtained over 14-year period of GPS 
observations from 1999 to 2013 and is processed in 
the precise point positioning mode at GPS analysis 
center, Jet Propulsion Laboratory (Beutler et al., 
1999), using the GIPSY software (Zumberge et al., 
1977). The time series includes 4500 epochs. The 
goal of this experiment is to retrieve the 
deformation signal as well as the relevant periodic 
signals superimposed on it.  

Because the times series are generally known to 
be noisy and occurrence of outliers are very 
common in GPS position time series (see 
Khodabandeh et al., 2012), the data-snooping gains 
high importance in performing an unbiased 
estimation of the signal of interest.  

The functional model for GPS position time 
series is ࢟ሺݐሻ ൌ 	࢟૙ ൅ ࢚ݎ	 ൅ ∑ ܽ௞ cos߱௞ ࢚ ൅

௤
௞ୀଵ

ܾ௞ sin߱௞ ࢚, where ࢟ሺݐሻ is the vector of time-series 
observations, i.e. the latitudes, longitudes or height, 
t refers to the time instant vector, ࢟૙ ൅  is the ࢚ݎ	
linear trend which describes the deformation 
behavior of the station. Additional to the 
deformation signals, the periodic patterns are 
described by the harmonic functions. The following 
frequencies are found to be relevant in GNSS time 
series: annual and semiannual, period of 13.63 and 
14.8 days as well as periods of 351.4 days and its 
higher harmonics 351.4/n, n = 2,..., 10 (Amiri-
Simkooei, et. al. 2007, 2009; Amiri-Simkooei, 
2013). 

The DIA is applied to the estimation of 
unknown parameters. Both the conventional and the 
optimized methods are employed in the algorithm to 
have an assessment of the efficiency of the 
proposed method. The three coordinate components 
of latitude, longitude and height are considered, 
separately. Table 1, gives a summary of the 
comparison made between the two approaches. As 
expected, the number of outliers detected by the two  
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 Table 1: Estimation result before and after applying the DIA algorithm to the leveling network 
Network Observations Network Parameters 

O
bservation 

ID
. 

B
ack 

S
tation 

F
ore 

S
tation 

O
bservation 

(Δ
H

) 

P
oint ID

. 

Estimated Heights (m) 
Prior to 

Application of  
DIA 

After Application of DIA Δݔ 
Before and after 

DIA Conventional 
Method 

Optimized 
Method 

1 1 2 1.9161 2 1706.4782 1706.4778 1706.4778 0.0004 
2 2 3 2.0664 
3 3 4 2.0647 3 1704.4121 1704.4092 1704.4092 0.0029 
4 4 5 -1.9818 
5 5 6 -2.5832 4 1702.4448 1702.4464 1702.4464 0.0016 
6 6 1 -1.3826 
7 2 4 4.0291 5 1704.4286 1704.4283 1704.4283 0.0003 
8 3 5 -0.0213 
9 4 6 -4.5613 6 1707.0096 1707.0101 1707.0101 0.0004 

 
methods is identical. Out of the 4500 

observations of the time series, 826, 1506 and 1543 
of the data were masked as outliers for the latitude, 
longitude and height, respectively. The estimated 
parameters are also found to be identical. The 
computational time of the identification and 
adaptation process decreases for the presented 
method. This reduction is on average about 20%. 

Figure 2 illustrates the outcome of the 
estimation and DIA algorithm for the three position 
components of the time series. In this figure, the 
correct observations and the outliers are marked by 
the squares and circles, respectively. The estimated 
signal is shown by a continuous line. 

Example 3: Simulated dataset 

The optimized method gains more credit in 
cases where a greater number of parameters are 
available in the estimation set-up. These cases are of 
common practice in satellite data processing as well 
as national geodetic network inversion. To illustrate 
such a case, a dataset of 2000 observables is 
simulated. The number of parameters is considered 
to be 1000 in this case. A random design matrix of 
size 2000×1000 is multiplied with a random vector 
of 1000 elements, to simulate the observation 
vector. A normally distributed random error vector 
is also added to this product to simulate the random 
noise superimposed on the observations. The 
magnitude of the random error is 10ିଷ. 100 

elements of the simulated dataset are contaminated 
by gross error with magnitude of 10ିଵ. 

Applying the DIA method reveals that the 
algorithm successfully identifies the contaminated 
observations. It is concluded that in this specific 
case (with the error of two orders of magnitudes 
higher than the observations’ precision and the test 
power of 95 percent) the correct detection rate is 
100 percent. This result degrades with lower error 
magnitude and is also affected by the test power. 
Taking the DIA algorithm, none of the correct 
observations is detected as outlier and no 
contaminated data is missed by the detection, 
resulting in the false alarm and missed detection 
rate of zero percent. The false alarm rate, missed 
and correct detection rates are under direct impact 
of the statistical test power. The interested reader is 
referred to Teunissen et al. (2005) for further 
information on this effect. 

The conventional and optimized approaches are 
then considered in the adaptation step. The 
performance of the optimized method is faster by a 
factor of 3, compared to the conventional approach. 
The result of the DIA algorithm taking the two 
mentioned approaches is summarized in Table 3. As 
a conclusion, the larger the number of observations 
and parameters are, the more competitive the 
presented methodology will be. This is directly 
related to the normal matrix of ࡺ ൌ ࢟ࡽࢀ࡭

ି૚࡭ whose 
inversion is prevented in the optimized DIA 
method. 
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Figure 2: GPS time series analysis results; the latitude time series observations, the estimated signal and 

detected outliers are depicted for the entire data collection period 
 

Table 2: GPS time series outlier detection results; application of DIA taking the conventional and optimized 
approach 

Observations: 4500 
Parameters  : 34 

Latitude Time Series Longitude Time Series Height Time Series 

Computational time 
Conventional Method 

 
346 sec 

 
538 sec 

 
555 sec 

 
Computational Time 
Optimized Method 

 
285 sec 

 
452 sec 

 
462 sec 

 
Number of Outliers 

 
826 

 
1506 

 
1543 

 
Results of 
Parameters Estimation 

 
Identical for two 
methods 

 
Identical for two methods 

 
Identical for two 
methods 

 
Results of Detected Outliers 

 
Identical for the two 
methods 

 
Identical for the two 
methods 

 
Identical for the two 
methods 

 
Reduction in Computational Time 

 
21 % 

 
19% 

 
20 % 
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 Table 3: Results on the simulated example 
Parameters : 1000 
Observations : 2000 
Contaminated Observations: 100 

Conventional  method Optimized method 

Algorithm run time  1331 sec 832 sec 

Number of Detected Outliers 100 Obs. 100 Obs. 

 
Results of Unknown Parameters’ Estimation 

 
Identical for the two methods 

 
Results of Detected Outliers 

 
Identical for the two methods 

 
Reduction in Computational Time 

 
60 % 

  
 The normal matrix is a quadratic matrix of 

size	݊ ൈ ݊, with ݊	being the number of parameters 
in the estimation set-up. The larger this matrix is the 
more costly and less accurate the inversion 
calculation will be. While the successive inversion 
of this matrix is indispensable in the conventional 
adaptation method, the optimization employs the 
update strategy for which no direct inversion of any 
matrices is necessary. 

5. Summary and concluding remarks 

An algebraic formulation is proposed in the 
adaptation step of the sequential DIA algorithm in 
order to optimize the performance of the 
conventional method in elimination of outliers after 
their identification. The optimization is performed 
to improve the computational time and complexity 
of the conventional method. The presented method 
is investigated by three different types of real and 
simulated geodetic applications to prove its 
feasibility, efficiency and numerical accuracy. It is 
concluded that the optimized approach leads to the 
same results as the conventional method, both in 

terms of outlier identification and parameter 
estimation. This equivalency proves the accuracy of 
the proposed formulation and assures the safety in 
its application. It is also observed that the optimized 
method reduces the computational burden of the 
process. This reduction is dependent on the size of 
the dataset as well as the number of parameters 
involved.  

The detection rate is related to the statistical test 
power as well as the magnitude of the 
contaminating error. The detection rate was shown 
to be 100% in the investigated test case. As a final 
remark, the proposed method can be applied to 
identification and adaptation of outliers in linear 
models. The generalization of the formulation to 
linearized models is an open topic for future 
research. 
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